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Theoretical model of diatomic molecules interacting on a two-dimensional lattice

E. E. Mola,* V. Ranea, and J. L. Vicente
INIFTA, Instituto de Investigaciones Fisicoquı´micas Teo´ricas y Aplicadas, Quı´mica Teo´rica, Sucursal 4,

Casilla de Correo 16, (1900) La Plata, Argentina
~Received 16 April 1999!

The coverage-dependent binding energy of interacting dimers is investigated using the lattice gas model.
Dimers with distinguishable ends are assumed to interact if they occupy only nearest-neighbor lattice sites. The
interaction energy between a pair of dimers will be repulsive if identical ends are in nearest-neighbor positions
and attractive if they are not. The grand partition function is derived by using the Bethe approximation. The
energy of the system of interacting dimers is evaluated as a function of the lattice coverage at different
temperatures and pair interaction potentials. Under the same conditions the average number of all types of
nearest-neighbors is evaluated.@S1063-651X~99!13010-1#

PACS number~s!: 05.20.Gg, 82.65.Dp, 82.65.Jv
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I. INTRODUCTION

Quite often surface reaction processes, molecular di
ciation, thermal desorption spectra, and thermal conver
of admolecules binded to two neighboring sites have to
studied on a well-defined metal surface. These admolec
can be either homo- or heteronuclear diatomic molecule
even more complex admolecules such as acetylene o
nylidene. For simplicity, only a few examples where it mig
be necessary to consider admolecules binded to the
neighboring sites to understand experimental informat
will be mentioned.

The ability of Rh to efficiently dissociate NO makes it th
most suitable metal for the removal of nitrogen oxides fro
automotive exhaust gases in catalytic converters@1#. Studies
on the interaction of NO with single-crystal Rh~111! @2#,
Rh~100! @3#, and Rh~110! @4# indicate that in general NO is
adsorbed molecularly on rhodium at low temperatures, bu
dissociates upon heating. At higher coverages, part of NO
desorbed molecularly and the remaining NO is decompo
to adsorbed N and O atoms. In general, step sites are co
ered to form stronger chemisorption bonds with adsorba
than terrace sites due to their higher unsaturated metal c
dination@5#. Recently, this generalization has been obser
to be insufficient. For example, studies of NO adsorption
Pd~112! demonstrated that even though the effect of s
sites is to enhance the dissociation of NO, the adsorptio
NO proceeds preferentially on terrace sites rather than
step sites@6#. It is clear that more fundamental understandi
is required in order to comprehend how the surface struc
can be utilized to control surface reactivity.

The transition metals Ni, Fe, Ru, and Co are known
hydrogenate CO to a wide range of products~see Ref.@7#
and references cited therein!. For this reason, studies of CO
adsorption on single crystal surfaces of these materials h
aroused much interest. Dissociation of CO is a prerequi
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for the Fischer-Tropsch reaction to take place at the cata
surface@8#. Among the low-index surfaces of hexagonal

close-packed Co, the (1120̄) @9# and (101̄2) @10# surfaces
are reported to be more active for dissociation of CO than

~0001! and (101̄0) surfaces. However, at room temperatu
CO is reported to be adsorbed molecularly on both th
surfaces@10#.

The theoretical model developed in Sec. II can also
applied to any type of molecules that require two neighb
ing sites in order to be adsorbed, as was postulated in
thermal conversion of acetylene to vynilidene on Rh~111!
@11#. In Sec. III the average number of nearest-neigh
dimers either of the same type~A or B in Fig. 1! or a differ-
ent type~C in Fig. 1! is evaluated. In Sec. IV the averag
interaction energy of the interacting bidimensional set
dimers is calculated.

:

FIG. 1. Dimers with distinguishable ends~open and closed
circles!, distributed on a two-dimensional lattice space. There
three types of different nearest-neighbor interactions:A ~closed and
closed circles!, B ~open and open circles! andC ~open and closed
circles!.
5130 © 1999 The American Physical Society



io
th
n
e

m

er
ite

a
g
Th
g

he
a

ra

th

t-

ite

oc

la

s

ot

e

to

the

-
ons
e.
ys

her
pen

the
ach

er
4

cles
be
pty

or

tral

the
ell
e

PRE 60 5131THEORETICAL MODEL OF DIATOMIC MOLECULES . . .
II. THE PARTITION FUNCTION

Let us use the Bethe approximation to derive a partit
function for the situation in which interacting dimers wi
distinguishable ends are distributed on a two-dimensio
lattice space as the one shown in Fig. 1. A simple consid
ation of Fig. 1 immediately reveals that a sublattice co
posed of a ‘‘central’’ site and its three first shell sites~Fig. 2!
is the smallest cluster that can describe the interaction en
between dimers. Let us call sites 1, 2, and 3 first shell s
and site 4, the central site. LetnI 1 , n2 , n3 , and n4 be the
occupation number of sites 1, 2, 3, and 4, respectively, e
element of which can assume the value 0 or 1 accordin
whether the corresponding site is vacant or occupied.
problem now is to determine for a given value of covera
~u! the relative probability that the occupation numbersnI 1 ,
n2 , n3 , and n4 have a given set of values. Therefore, t
degeneracy of arrangements that have the same energy h
be determined.
Let us now write down the energy of a particular configu
tion

E5aVA1bVB1cVC1kV~u!2mm~u!, ~1!

where a is the number of nearest-neighbor dimers on
sublattice, of typeA ~see Fig. 1!, with potential energy of
interaction VA and b and c are the number of neares
neighbor dimers of typeB and C with potential energy of
interactionVB and VC , respectively. V(u) is the average
interaction energy per particle on one of the first shell s
and the outer sites,m~u! is the chemical potential,kI is the
number of occupied first shell sites aside from those ass
ated with the dimers in the central sites~the number of
dimers with an end outside the first shell sites!, andmI is the
number of dimers brought from the outer sites to the sub
tice and it can take the valuekI ~if the central site is empty!
and kI 11 ~if the central site is occupied!. Therefore, the
grand partition function can be written as follows,

J5 (
all ni

g~n1 ,...,n4!hA
ahB

bhC
c bklm, ~2!

whereg(n1 ,...,n4) is the multiplicity of those configuration
that have the same energy;hA5exp(2VA /RT), hB5exp
(2VB /RT), andhC5exp(2VC /RT); the terms inh take into
account the pairwise interaction within the sublattice. N
that b5exp@2V(u)/RT# and thatl5exp@2m(u)/RT# is the
absolute activity; the terms inl take into account the chang

FIG. 2. Smallest cluster that can describe the interaction en
between dimers. The first shell sites are called 1, 2, and 3, and
the central site.
n

al
r-
-

gy
s

ch
to
e

e

s to

-

e

s

i-

t-

e

in chemical potential with the number of dimers brought in
the sublattice. It is useful to define«5lb; therefore, Eq.~2!
can be written as follows:

J5 (
all ni

g~n1 ,...,n4!hA
ahB

bhC
c ld«k, ~3!

wheredI can take the values 0 or 1 depending on whether
central site is empty or occupied, respectively.

In order to write down explicitly the grand partition func
tion let us take into account the three basic configurati
shown in Fig. 3; note that all of them are mutually exclusiv
The lattice site indicated by an open triangle is alwa
empty, and those indicated by a full triangle can be eit
vacant or occupied. Ends of dimers are indicated by o
and closed circles. Table I shows the degeneracy valueg for
every possible set of exponentsaI , bI , cI , dI , andkI of Eq. ~3!
and for the three basic configurations. The contribution to
grand partition function from every basic arrangement, e

gy
is

FIG. 3. The three basic configurations: open and closed cir
are the ends of dimers, the full triangle is a lattice site that can
either vacant or occupied, and the open triangle is an always em
lattice site.

TABLE I. a, b, and c are the numbers of nearest-neighb
dimers on the sublattice, of typeA, B, andC, respectively~see Fig.
1!. d can take the values 0 or 1 depending on whether the cen
site is empty or occupied, respectively.k is the number of occu-
pied first shell sites aside from that associated with the dimer in
central site~the number of dimers with an end outside the first sh
sites!. g is the multiplicity of those configurations that have th
same energy. Configurations I, II, and III are shown in Fig. 3.

Configuration ~a! ~b! ~c! ~d! k g Contribution toJ

I 0 0 0 0 0 1 1
0 0 0 0 1 6 6«
0 0 0 0 2 12 12«2

0 0 0 0 3 8 8«3

II 0 0 0 1 0 3 3l
1 0 0 1 1 6 6hA«l

0 0 1 1 1 6 6hC«l

2 0 0 1 2 3 3hA
2«2l

0 0 2 1 2 3 3hC
2 «2l

1 0 1 1 2 6 6hAhC«2l

III 0 0 0 1 0 3 3l
0 1 0 1 1 6 6hB«l

0 0 1 1 1 6 6hC«l

0 2 0 1 2 3 3hB
2«2l

0 0 2 1 2 3 3hC
2 «2l

0 1 1 1 2 6 6hBhC«2l

J I5(112«)3

J II 53l@11«(hA1hC)#2

J III 53l@11«(hB1hC)#2
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of one is composed of 27 configurations shown on the rig
hand side of Table I. Therefore, 81 distinguishable confi
rations can be identified in the sublattice.

Now the grand partition function can be written as

J5~112«!313l$@11«~hA1hC!#2

1@11«~hB1hC!#2%. ~4!

Terms from excited states of the adsorbed particle are
glected in the partition function; this is a reasonable assu
tion for the systems and the experimental condition of int
est in evaluating lateral interaction between adsor
species.

Now, « andl have to be determined. To determine« the
ensemble average probability that a given first shell site,
1 ~Fig. 2! for instance, is occupied, is calculated. Usi
Bayes Theorem the average occupation value^n1& of site 1
can be written as

^n1&5(
i 51

3

Pi^n1& i , ~5!

wherei ranges over the three mutually exclusive basic c
figurations of Fig. 3,Pi is the joint probability of finding site
4 in a given configuration, and̂n1& i is the average occupa
tion number of site 1 in that particular configuration. Equ
tion ~5! can be written as follows:

^n1&5~12u!^n1& I1u@^n1& II1^n1& III #. ~6!

Notice thatu is thea-priori probability of finding at random
an occupied lattice site; if this event is successful, then
probability of finding one of its neighbors occupied~see Fig.
1! is no longeru but 1

3 or ~2
3! u in a first approximation,

depending on whether it is occupied by the same dimer o
another one. Using Table I,^n1& i can be evaluated. Note tha
in configuration I, site 1 is never occupied by a dimer on
central site

^n1&15
1

3

6«124«2124«3

116«112«218«3 5
2«

112«
. ~7!

The average occupation number of site 1 in configuration
and III can be evaluated by different means. This evalua
can be simplified by taking into account that the contribut
to the degree of occupation of site 1 by the dimer occupy
the central site is13; therefore,

^n1& II1^n1& III 5^t1&1 1
3 , ~8!

where ^t1& is the average occupation number of site 1
configurations II plus III, by dimers that are not occupyin
the central site. Therefore, using Table I, and assumingVA
5VB , (hA5hB),

^t1&5
2«~hA1hC!

3@11«~hA1hC!#
~9!

and

^n1& II1^n1& III 5
113«~hA1hC!

3@11«~hA1hC!#
. ~10!
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The overall average occupation number of site 1,^n1&, can
now be evaluated from Eq.~6!,

^n1&5
2«

112«
~12u!1

@113«~hA1hC!#

3@11«~hA1hC!#
u. ~11!

But site 1 is a typical site; therefore,^n1&5u, Then

3~hA1hC!~u21!«21~5u23!«1u50 ~12!

and

«5$5u231@~5u23!2112~hA1hC!u

3~12u!#1/2%/6~hA1hC!~12u!. ~13!

Equation~13! makes it possible to express« as an indepen-
dent function ofVA , VB , VC , u, andT.

The probability that site 4 is occupied is given by

J~n451!/J5u ~14!

because site 4 is also a typical site. From Eq.~14! and Table
I we learn that

J~n451!56l@11«~hA1hC!#2. ~15!

Using Eqs.~4!, ~13!, ~14!, and~15!, and after some algebra
the dependence ofl uponu, VA , VB , VC , andT is given by
the following equation:

l5
~112«!3

6@11«~hA1hC!#2

u

12u
. ~16!

By solving Eqs.~13! and ~16! at different coverages the
grand partition functionJ as a function ofu can be known.
Note thathA andhC are external model parameters.

III. AVERAGE NUMBER OF NEAREST NEIGHBORS

The average number of nearest neighbors can be class
into two categories: ~i! nearest neighbors of the same ty
^n&11 and~ii ! nearest-neighbors of a different type^n&12. In
order to evaluate both of them, let us focus our attention
configurations II and III. The average number of near
neighbors of typên&11 is equivalent to the average occup
tion number of first shell sites, in configuration II, by ends
dimers of the same type as the one occupying the central

^n&115~6«lhA16«2lhA
2

16«2lhAhC!/3l@11«~hA1hC!#2

52«hA /@11«~hA1hC!#. ~17!

The average number of nearest neighbors of type^n&12 is
equivalent to the average occupation number of first s
sites occupied, in configuration II, by ends of dimers of
different type from the one occupying the central site,

^n&125~6«lhC16«2lhC
2

16«2lhAhC!/3l@11«~hA1hC!#2

52«hC /@11«~hA1hC!#. ~18!
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The dependence of^n&11 and^n&12 uponu is given in Figs. 4
and 5 at four different ratiosV/RT, and assuming a neares
neighbor interaction

VA5VB52VC .

Note that as the coverage~u! tends to one, (̂n&111^n&12)
tends asymptotically to the value of 2.

IV. AVERAGE INTERACTION ENERGY

The average energy of the interacting bidimensional se
dimers^E& can be evaluated once the grand partition funct
is known from the following equation:

^E&5~12u!^E& I1u~^E& II1^E& III !, ~19!

FIG. 4. Average number of nearest neighbors of type^n&11 and
^n&12 vs coverage for different values ofVA5VB52VC . VA

5RT ~dashed line! andVA52 RT ~solid line!.

FIG. 5. Average number of nearest neighbors of type^n&11 and
^n&12 vs coverage for different values ofVA5VB52VC . VA

54 RT ~dashed line! andVA50.1 RT ~solid line!.
of
n

^E& I5@V~u!2m~u!#~6«124«2124«3!/~112«!3

5@V~u!2m~u!#6«/~112«!. ~20!

Assuming thatVA5VB , (hA5hB),

^E& II1^E& III 52$VA~6hA«l16hA
2«2l16hAhC«2l!

1VC~6hC«l16hC
2 «2l16hAhC«2l!

23m~u!l@11«~hA1hC!#21@V~u!

2m~u!#~6hA«l16hC«l16hA
2«2l

16hC
2 «2l112hAhC«2l!%$6l@11«~hA

1hC!#2%21 ~21!

5$6VAhA«l@11«~hA1hC!#16VChC«l@11«~hA

1hC!#1@V~u!2m~u!#6«l~hA1hC!@11«~hA1hC!#

23m~u!l@11«~hA1hC!#2%/3l@11«~hA1hC!#2,

~22!

which can be rearranged as follows:

^E& II1^E& III 5
2«~hA1hC!

@11«~hA1hC!#
@V~u!2m~u!#

1
2«hA

@11«~hA1hC!#
VA

1
2«hC

@11«~hA1hC!#
VC2m~u!. ~23!

Therefore,

^E&5H F 2«~hA1hC!

@11«~hA1hC!#Gu1
6«

112«
~12u!J

3@V~u!2m~u!#1u
2«hA

@11«~hA1hC!#
VA

1u
2«hC

@11«~hA1hC!#
VC2um~u!. ~24!

Site 1 is a typical site; therefore,

u5~12u!^n1& I1u~^n1& II1^n1& III !. ~25!

From Eqs.~8! and ~9! we learn that

^n1& II1^n1& III 5
1

3
1

2

3

«~hA1hC!

@11«~hA1hC!#
. ~26!

Substituting Eq.~26! into Eq. ~25! and after rearranging
terms,

2u5
2«~hA1hC!

@11«~hA1hC!#
u1

6«

@112«#
~12u!. ~27!

Substituting Eqs.~17!, ~18!, and~27! into Eq.~24! we obtain

^E&5u$2@V~u!2m~u!#1^n&11VA1^n&12VC2m~u!%,
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from which the final expression for the average interact
energy can be obtained,

^E&5$2V~u!23m~u!1^n&11VA1^n&12VC%u. ~28!

V. CONCLUSIONS

The dependence of the average number of nearest ne
bors to a particular end of a dimer on the interaction ene
and coverage can be obtained in the present model. Fig
and 5 show the average number of nearest neighbors o
same type,̂ n&11, or different type,^n&12, and how they
depend on the interaction energy. This information is p
ticularly useful to study the kinetics of surface reactions
ing approaches based on mean field approximations~see Fig.
6!.

FIG. 6. Average interaction energy in units of RT vs covera
for different values ofVA5VB52VC . VA50.1 RT ~solid line!,
VA5RT ~long-dashed line!, VA52 RT ~dotted line!, and VA

54 RT ~dash-dotted line!.
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Surface reactions are of enormous importance for het
geneous catalysis. Besides this practical importance
finds many complex and fascinating phenomena such as
tern formation and self-organization@12# as well as regular
and irregular oscillations@13#, even for apparently simple
reactions over simple low-index single-crystal surfaces s
as the CO1O2/Pt(110) or CO1NO/Pt(100) reactions. Som
of the mathematical models that have been proposed for
cillations in these reactions are of mean field type~Ertl and
co-workers, Refs.@14,15# and King and co-workers Refs
@16,17#!. Unfortunately, the effect of interaction energy upo
the average number of nearest neighbors was not taken
account in those studies. We presume that the catalytic
oxidation modeling by a mean-field approach can be gre
improved by using correlation effects on nearest-neigh
populations induced by interactions between admolecu
Although these interactions greatly influence the stick
probabilities of the molecules involved in the abov
mentioned reactions@16,17#, they were not taken into ac
count in those analyses.

From the knowledge of̂n&11, ^n&12, V(u), andm~u!, the
average energŷE& of the interacting system of diatomi
molecules can be derived as a function of coverage.
present approach can be adapted to study how the inte
tions affect the kinetics of a surface reaction. When cover
is higher or temperature is lower, the interactions within t
adsorbed layer may become important to the reaction, s
they determine the local structure of the surface and af
the adsorption of reactive molecules and the desorption
products, increasing or decreasing the rate of these proce
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